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Abstract
B. Y. Chen establish the relationship between the Ricci curvature and the squared mean curva-
ture for submanifolds of Riemannian space form with arbitrary codimension. In this paper, we
generalize the relationship between the Ricci curvature and the squared norm of mean curvature
vector for submanifolds of Bochner Kahler manifolds.
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1 Introduction
The relationship between the main extrinsic invariants and the main intrinsic invariants of sub-
manifolds was given by B. Y. Chen[4]. This theory was started by Chen in [6] and established
sharp relationship between the Ricci curvature and the squared norm of mean curvature for a
submanifold in a Riemannian space form with arbitrary codimension [5]. In [9], K. Matsumoto
et.al. obtained an inequality between the Ricci curvature and the squared norm of mean cur-
vature for submanifolds in complex space form. In [10], K. Matsumoto et.al. obtained the same
inequality for the slant submanifolds of complex space form. After that, many research articles
[1], [7], [11] have been published by different geometers. They obtained the similar inequalities
for different submanifolds and ambient spaces in complex as well as in contact version. In this
paper, we obtain these inequalities for different submanifolds of Bochner Kahler manifolds.
2 Preliminaries
Let Mn be a submanifold of a Bochner Kahler manifold M
2m
. Let ∇ be the induced Levi-Civita
connection on M . Then the Gauss and Weingarten formulas are given respectively by
∇XY = ∇XY + h(X,Y ), (1)
∇XV = AVX +DXY, (2)
for all X,Y tangent to M and vector field V normal to Mn. Where h, D, AV denotes the second
fundamental form, normal connection and the shape operator in the direction of V . The second
fundamental form and the shape operator are related by
g(h(X,Y ), V ) = g(AVX,Y ), (3)
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Let R be the curvature tensor of Mn, Then the Gauss equation is given by
R(X,Y, Z,W ) = R(X,Y, Z,W ) + g(h(X,W ), h(Y, Z))− g(h(X,Z), h(Y,W )),
for any vector fields X , Y , Z, W tangent to Mn.
The curvature tensor of M
2m
is given by [12]
R(X,Y, Z,W ) = L(Y, Z)g(X,W )− L(X,Z)g(Y,W ) + L(X,W )g(Y, Z)
−L(Y,W )g(X,Z) +M(X,W )g(JX,W )−M(X,Z)g(JY,W ) (4)
+M(X,W )g(JY, Z)−M(Y,W )g(JX,Z)
−2M(X,Y )g(JZ,W )− 2M(Z,W )g(JX, Y ),
where
L(Y, Z) =
1
2n+ 4
Ric(Y, Z)−
ρ
2(2n+ 2)(2n+ 4)
g(Y, Z), (5)
M(Y, Z) = −L(Y, JZ), (6)
L(Y, Z) = L(Z, Y ), L(Y, Z) = L(JY, JZ), L(Y, JZ) = −L(JY, Z), (7)
Ric and ρ are the Ricci tensor and scalar curvature of M .
Let p ∈Mn and {e1, ..., en} be an orthonormal basis of the tangent space TpM and {en+1, ..., e2m}
be the orthonormal basis of T⊥M . We denote by H , the mean curvature vector at p, that is
H(p) =
1
n
n∑
i=1
h(ei, ei), (8)
Also, we set
hrij = g(h(ei, ej), er), i, j ∈ {1, ..., n}, r ∈ {n+ 1, ..., 2m}
and
‖h‖2 =
n∑
i,j=1
(h(ei, ej), h(ei, ej)). (9)
For any p ∈ M and X ∈ TpM , we put JX = PX +QX , where PX and QX are the tangential
and normal components of JX , respectively.
We denote by
‖P‖2 =
n∑
i,j=1
g2(Pei, ej),
For a Riemannian manifold Mn, we denote by Kpi the sectional curvature of M associated with
a plane section pi ⊂ TPM,p ∈ M . For an orthonormal basis {e1, e2, ..., en} of the tangent space
TpM , the scalar curvature ρ is defined by
ρ =
∑
i<j
Kij ,
where Kij denotes the sectional curvature of the 2-plane section spanned by ei and ej.
We recall that for a submanifold M in a Riemannian manifold, the relative null space of M
at a point p ∈M is defined by
Np = {X ∈ TpM |h(X,Y ) = 0, ∀Y ∈ TpM}.
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3 Ricci curvature and squared norm of mean curvature
B. Y. Chen established the sharp relationship between the Ricci curvature and the squared norm
of mean curvature for submanifolds in real space form.
In this section, we prove similar inequalities for submanifolds of Bochner Kahler manifolds
Definition 1. A submanifold Mn of a Bochner Kahler manifold M
2m
is said to be a slant sub-
manifold if for any p ∈ M and any non zero vector X ∈ TpM , the angle between JX and the
tangent space TpM is constant. The complex submanifolds and totally real submanifolds are the
slant submanifolds with angle 0 and pi
2
respectively.
Theorem 1. Let Mn be a submanifold of a Bochner Kahler manifold M
2m
, then
(i) for each unit vector X ∈ TpM , we have
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10− (3n2 − 9n+ 3)‖P‖2
2(2n+ 2)(2n+ 4)
ρ
6
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)g(ei, Jej)−
3
2n+ 4
Ric(ei, Jej)g(ei, Jej).
(ii) If H(p) = 0, the unit tangent vector X at p satisfies the equality if and only if X ∈ Np.
(iii) The equality case holds identically for all unit tangent vectors at p if and only if either p
is totally geodesic point or n = 2 and p is totally umbilical point.
Proof. (i) LetX ∈ TpM be a unit tangent vector at p. We choose orthonormal basis {e1, e2, ..., en, en+1, ..., e2m}
such that {e1, e2, ..., en} are tangent to M at p with e1 = X , then from Gauss equation we have
R(X,Y, Z,W ) = L(Y, Z)g(X,W )− L(X,Z)g(Y,W ) + L(X,W )g(Y, Z)
−L(Y,W )g(X,Z) +M(Y, Z)g(JX,W )−M(X,Z)g(JY,W )
−M(X,W )g(JY, Z)−M(Y,W )g(JX,Z)− 2M(X,Y )(JZ,W )
−2M(Z,W )g(JX, Y ) + g(h(X,W ), h(Y, Z))− g(h(X,Z), h(Y,W )),
for any X, Y, Z, W ∈ TM.∑
i,j
R(ei, ej , ej, ei) = L(ej, ej)g(ei, ei)− L(ei, ej)g(ej, ei) + L(ei, ei)g(ej, ej)
−L(ej, ei)g(ei, ej) +M(ej, ej)g(Jei, ei)−M(ei, ej)g(Jej , ei)
−M(ei, ei)g(Jej, ej)−M(ej, ei)g(Jei, ej)− 2M(ei, ej)(Jej , ei)
−2M(ej, ei)g(Jei, ej) + g(h(ei, ei), h(ej , ej))− g(h(ei, ej), h(ej , ei)),
= L(ej , ej)g(ei, ei)− L(ei, ej)g(ej , ei) + L(ei, ei)g(ej , ej)
−L(ej, ei)g(ei, ej)− L(ej , Jej)g(Jei, ei) + L(ei, Jej)g(Jej , ei)
+L(ei, Jei)g(Jej , ej) + L(ej , Jei)g(Jei, ej) + 2L(ei, Jej)(Jej , ei)
+2L(ej, Jei)g(Jei, ej) + g(h(ei, ei), h(ej , ej))− g(h(ei, ej), h(ej , ei)).
Using (7), (8) and (9), we have∑
i,j
R(ei, ej , ej, ei) = 2nL(ei, ei)− 2L(ei, ej)g(ei, ej) + 6L(ei, Jej)g(ei, Jej)
+n2‖H‖2 − ‖h‖2.
Last equation simplifies to,
2ρ = 2(n− 1)L(ei, ei) + 6L(ei, Jej)g(ei, Jej) + n
2‖H‖2 − ‖h‖2 (10)
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Combining (5) and (10), we have
2ρ =
2(n− 1)
2n+ 4
Ric(ei, ei)−
2(n− 1)ρ
2(2n+ 2)(2n+ 4)
g(ei, ei)
+
6
2n+ 4
Ric(ei, Jej)g(ei, Jej)−
6ρ
2(2n+ 2)(2n+ 4)
g(ei, Jej)g(ei, Jej)
+n2‖H‖2 − ‖h‖2.
Or,
2ρ =
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
ρ+
6
2n+ 4
Ric(ei, Jej)g(ei, Jej)
+n2‖H‖2 − ‖h‖2.
Or,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+ ‖h‖2 −
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
From which we have,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
2m∑
r=n+1
n∑
i,j=1
(hrij)−
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
Or,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
2m∑
r=n+1

(hr11)2 + (hr22)2 + ...+ (hrnn)2 + 2∑
i<j
(hrij)
2


−
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
Which implies that
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
2m∑
r=n+1
[
(hr11)
2 + (hr22)
2 + ...+ (hrnn)
2
]
+2
2m∑
r=n+1
∑
i<j
(hrij)
2 −
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
Or,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
2m∑
r=n+1

(hr11)2 + (hr22 + ...+ hrnn)2 − 2 ∑
2≤i<j≤n
hriih
r
jj


+2
2m∑
r=n+1
∑
i<j
(hrij)
2 −
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
Form which we obtain,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
1
2
2m∑
r=n+1
[
(hr11 + h
r
22 + ...+ h
r
nn)
2 + (hr11 − h
r
22 − ...− h
r
nn)
2
]
−2
2m∑
r=n+1
∑
2≤i<j≤n
hriih
r
jj + 2
2m∑
r=n+1
∑
i<j
(hrij)
2 −
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
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Or,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
1
2
2m∑
r=n+1
(hr11 + h
r
22 + ...+ h
r
nn)
2 +
1
2
2m∑
r=n+1
(hr11 − h
r
22 − ...− h
r
nn)
2
−2
2m∑
r=n+1
∑
2≤i<j≤n
hriih
r
jj + 2
2m∑
r=n+1
n∑
j=1
(hr1j)
2 + 2
2m∑
r=n+1
∑
i<j
(hrij)
2 −
6
2n+ 4
Ric(ei, Jej)g(ei, Jej).
Or,
n2‖H‖2 = (2−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
)ρ+
1
2
2m∑
r=n+1
(hr11 + h
r
22 + ...+ h
r
nn)
2 +
1
2
2m∑
r=n+1
(hr11 − h
r
22 − ...− h
r
nn)
2
+2
2m∑
r=n+1
n∑
j=1
(hr1j)
2 − 2

 2m∑
r=n+1
∑
2≤i<j≤n
hriih
r
jj − (h
r
ij)
2

− 6
2n+ 4
Ric(ei, Jej)g(ei, Jej). (11)
From Gauss equation, we have
Kij = 2L(ei, ei) + 6L(ei, ei)g(ei, Jej) +
2m∑
r=n+1
[
hriih
r
jj − (h
r
ij)
2
]
=
2
2n+ 4
Ric(ei, ei)−
2ρ
2(2n+ 2)(2n+ 4)
g(ei, ei) +
6
2n+ 4
Ric(ei, Jej)g(ei, Jej)
−
6ρ
2(2n+ 2)(2n+ 4)
g(ei, Jej)g(ei, Jej) +
2m∑
r=n+1
[
hriih
r
jj − (h
r
ij)
2
]
=
8n+ 6− 6‖p‖2
2(2n+ 2)(2n+ 4)
ρ+
6
2n+ 4
Ric(ei, Jej)g(ei, Jej) +
2m∑
r=n+1
[
hriih
r
jj − (h
r
ij)
2
]
and consequently
∑
2≤i<j≤n
Kij =
4n3 − 9n2 − n+ 6− (3n2 − 9n+ 6)‖p‖2
2(2n+ 2)(2n+ 4)
ρ+
6
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)g(ei, Jej)
+
2m∑
r=n+1
∑
2≤i<j≤n
[
hriih
r
jj − (h
r
ij)
2
]
(12)
Incorporating (12) in (11), we get
1
2
n2‖H‖2 ≥ 2Ric(X)−
6n2 + 2n− 8− 6‖P‖2
2(2n+ 2)(2n+ 4)
ρ+ 2
4n3 − 9n2 − n+ 6− (3n2 − 9n+ 6)‖P‖2
2(2n+ 2)(2n+ 4)
ρ
12
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)g(ei, Jej)−
6
2n+ 4
Ric(ei, Jej)g(ei, Jej)
or,
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10− (3n2 + 9n− 3)‖P‖2
2(2n+ 2)(2n+ 4)
ρ
6
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)g(ei, Jej)−
3
2n+ 4
Ric(ei, Jej)g(ei, Jej)
(ii) Suppose H(p) = 0, equality holds if and only if
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{
hr12 = ... = h
r
1n = 0,
hr11 = h
r
22 + ...+ h
r
nn, r ∈ {n+ 1, ..., 2m}
Then hr1j = 0∀j ∈ {1, 2, ..., n}, r ∈ {n+ 1, ..., 2m}, i.e. X ∈ N .
(iii) The equality case holds for all unit vectors at p if and only if
{
hr12 = 0, i 6= j, r ∈ {n+ 1, ..., 2m},
hr11 + ...+ h
r
nn − 2h
r
ij = 0, i ∈ {1, 2, ..., n}, r ∈ {n+ 1, ..., 2m}
We distinguish two cases:
(a) n 6= 2, then p is a totally geodesic point
(b) n=2, it follows that p is a totally umbilical point.
The converse is trivial.
Corollary 1. Let Mn be a submanifold of a Bochner Kahler manifold M
2m
which is Einstein,
then
(i)for each unit vector X ∈ TpM , we have
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10− (3n2 − 9n+ 3)‖P‖2
2(2n+ 2)(2n+ 4)
ρ
+
3
2n+ 2
λ‖P‖2.
(ii) If H(p) = 0, the unit tangent vector X at p satisfies the equality if and only if X ∈ Np.
(iii) The equality case holds identically for all unit tangent vectors at p if and only if either p is
totally geodesic point or n = 2 and p is totally umbilical point.
Theorem 2. Let Mn be a slant submanifold of a Bochner Kahler manifold M
2m
, then
(i) for each unit vector X ∈ TpM , we have
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10− (3n2 − 9n+ 3)cos2θ
2(2n+ 2)(2n+ 4)
ρ
+
6cosθ
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)−
3
2n+ 4
cosθRic(ei, Jej)
(ii) If H(p) = 0, the unit tangent vector X at p satisfies the equality if and only if X ∈ Np.
(iii) The equality case holds identically for all unit tangent vectors at p if and only if either p
is totally geodesic point or n = 2 and p is totally umbilical point.
Corollary 2. Let Mn be an anti-invariant submanifold of a Bochner Kahler manifold M
2m
, then
(i)for each unit vector X ∈ TpM , we have
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10
2(2n+ 2)(2n+ 4)
ρ
(ii) If H(p) = 0, the unit tangent vector X at p satisfies the equality if and only if X ∈ Np.
(iii) The equality case holds identically for all unit tangent vectors at p if and only if either p is
totally geodesic point or n = 2 and p is totally umbilical point.
Corollary 3. Let Mn be a invariant submanifold of a Bochner Kahler manifold M
2m
, then
(i) for each unit vector X ∈ TpM , we have
Ric(X) ≤
1
4
n2‖H‖2 +
4n3 − 12n2 − 2n+ 10− (3n2 − 9n+ 3)
2(2n+ 2)(2n+ 4)
ρ
+
6
2n+ 4
∑
2≤i<j≤n
Ric(ei, Jej)−
3
2n+ 4
Ric(ei, Jej)
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(ii) If H(p) = 0, the unit tangent vector X at p satisfies the equality if and only if X ∈ Np.
(iii) The equality case holds identically for all unit tangent vectors at p if and only if either p
is totally geodesic point or n = 2 and p is totally umbilical point.
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